The nuclear two-body problem is discussed on the assumption that the range of the forces is small compared with the size of the deuteron, but without specific assumptions about the forces. Using the values for the binding energy of the deuteron and its electric quadripole moment from observation, and eliminating a possible ambiguity in the deuteron wave func tion by means of the observed magnetic moments, it is found that the formulae for the electric and magnetic photo-effect in the deuteron remain the same as for central forces, with only minor modifications. The same is found for the scattering of neutrons by protons at energies of a few MV or less.
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. I n t r o d u c t io n
The nuclear two-body problem has been discussed very extensively on the assumption of central forces between the particles.! If was found that, provided the range of the forces is smaller than the radius of the deuteron (so th a t the two particles in the deuteron will be within range of each other s attraction only for a small fraction of time) it is possible to describe all observed phenomena in terms of a few parameters quite independently of the detailed nature of the force. In particular, it was found th at the scattering of neutrons by hydrogen, the capture of slow neu trons and the photo-disintegration of the deuteron depend in first approximation only on the binding energy of the deuteron, and on the energy of the (virtual) level belonging to the singlet state.
Since then the situation has been vitally changed by the discovery of the electric quadripole moment of the deuteron (Kellogg 1939a,6) , which proves th at the forces are not central, i.e. th at the potential energy of a pair of particles de pends not only on their distance, but also on their relative direction in relation to the spin axis.
The modifications introduced by this development affect mainly the triplet state, since in the singlet state all directions in space are equivalent, and hence the force must be central. It is of interest to see how many of the results of the simpler theory can be maintained if the non-central character of the forces is taken into account. J In the present paper we propose to investigate this question, and we shall begin with discussing the limiting case of a very short-range force. Actually it is likely th at the range is comparable with the radius of the deuteron, and we shall also discuss the modifications in our results caused by this. The conclusion arrived at is th at the results that have been obtained with central forces apply generally with only minor modifications.
The principle of the simplifications applicable for short-range forces (Wigner 1933; Bethe & Peierls 1935 ) is th at the wave equation at close approach is practically independent of the actual energy of the system, since in th a t region the potential energy is very much larger than the net energy. Hence it may be assumed th a t the wave function for this inner region is independent of energy, and instead of solving the wave equation containing the unknown forces, we may instead impose on the wave function a boundary condition at the point where the forces begin to m atter. This boundary condition is approximately independent of energy and therefore always nearly the same as in the case of the deuteron; hence information on it can be obtained from the known properties of the deuteron. In the case of non-central forces the wave equation is a set of two simultaneous equations for two functions, and hence we obtain a set of boundary conditions rather than a single condition. Our first task is therefore to obtain the form of these conditions.
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. E q u a t io n s a n d b o u n d a r y c o n d it io n s
In the non-relativistic equation of the two-body problem we imagine the centre of gravity split off; the remainder is then a function of the relative co-ordinates of the two particles and two spin variables. After introducing polar co-ordinates we can introduce the following variables: the distance between the particles, r; the quantum number of the resultant angular momentum, the component of the latter in the z direction, M; the resultant spin quantum number, s; the orbital angular momentum, l. Of these, J and M must commu forces depend only on the relative orientation of s and r, and we are interested mainly in the cases J = 0 and J = 1. depends symmetrically on the two spins, and we assume this to be the case. (This rules out, for example, the magnetic interaction of the two spins with the orbital moment of the proton, which is likely to be small.) I is not a 'proper' quantum number if the forces are non-central. Perm itted values are
>r low J the functions we are interested in are
Of these states 1S0, 3P 0, 1P 1, 3P X belong to combinations of 'exact ' quantum numbers exclusive to them, since states with even l do not combine with states of odd l. But the 3SX and 3DX states may combine. We denote r times the radial wave functions of these states by f and g, respectively, choosing the factors in their definition in such a way th at the normalization condition is given by 1.
( 1 ) Wichout interaction the equations are then
where efiP/M = E is the energy of relative motion, if M is the mass of proto neutron. We assume th at equations (2) hold provided r is greater than the range a of the forces. For r< a interaction terms will appear including, in particular', coupling terms,which introduce g in the first, and / i n the second equation. Such terms have, for example, been discussed by Bethe (1939a,6) and R arita & Schwinger (1941) . The wave equations (2) for the radial functions must be supplemented by the con dition th at b o th /a n d g vanish at r = 0. This fixes two of the f involved in the solution of two simultaneous differential equations of second order, leaving still two parameters available. In other words, if we dispose of the values of / and g at the end of the range, r -a, we can still satisfy the equations, but the derivatives dfjdr and dgjdr will then be determined. They must be linear functions of/(a) and g(a), and hence there must hold two relations of the form
The coefficients A , B, C , Da re independent of what particu equation is chosen, provided it satisfies the boundary condition a t = 0.
Moreover, we may assume them to be independent of energy, provided the energy does not change by an amount comparable with the potential energy for Since this has to be of the order of 30 MV or more, in order th at a bound state for the deuteron should exist, we may assume the coefficients of (3) to be the same for the normal state of the deuteron (E = -2*2 MV) as for variation of the coefficients with energy will be discussed in § 7.
The continuity equation yields a relation between the coefficients. Since (3) still leaves two parameters in the wave function free, we may make the wave function complex, and then the total flux passing through a sphere of any radius must vanish. This requires th at f * V -f V l + g* ± -g < % l= o J dr J dr ±g must hold identically for every solution compatible with (3). This is the case only if A and D are real and
We shall, moreover, assume that B is real. This holds if the interaction force is given by real terms in the equations, as is the case for all interactions th at have so far been discussed. A complex B would not affect our discussion very greatly. The relation between the functions /a n d g and the actual wave function is provided by the formula
where Y}n are as usual normalized spherical harmonics, Xms is the normalized spin function for the triplet state with 2-component ms of the total spin, and cJlMm are the transformation coefficients from the quantum numbers slMrn to slJM . They satisfy amongst others the relation 2 C10M0C12M0 = (7) M which can be proved, for example, by noting th a t if the square of the function (6) is summed over M, the result represents the mean density for all orientations of the deuteron and must thus have spherical symmetry.
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The normal state of the deuteron, of energy -E0, must belong to wave functions satisfying (2) and remaining bounded at infinite distance. The solutions satisfying this condition are
where c and d are constants and is defined by
Inserting these functions in (3), and eliminating c and d,
where stands for
For very short-range forces, 1, ^ is practically 1.
The other known (virtual) state of the deuteron belongs to a ^ wave function which is not coupled to any other, and in which the force must be of central symmetry. Hence the discussion of this state is not modified.
All other states, made up entirely of wave functions with l > 0, are likely to belong to much higher energies.
A relation containing c and d is provided by the normalization condition (1). The integral in (1) is to be extended over all space, and since the expressions (8) apply only for r> a, the contribution of the inner part r< a is unknown. If this contribution is negligible, as in the case of very short-range forces, we can evaluate (1) by means of (8) and obtain Non-central forces in the nuclear two-body problem
where we have put for brevity 1 2 (1 + a a )2 9 + 3 (aa)3 (13)
The ratio q depends on the extent to which the 3DX state is contained in the wave function of the ground state. This contribution can be estimated by means of the quadripole moment with which we shall deal in the next section.
In the case of central forces it could be argued th at the contribution from the inner part must be small, since the range of integration is small and there was no reason to expect the wave function to be large near the origin.
In our case this is not so certain. For one type of non-central force, for example, which can be obtained from the meson theory of nuclear forces, and which was discussed by Bethe (1939 a, b ) ,both / and g would have a singularity a t unless the forces were ' cut off ' at a certain limiting radius. If this radius is assumed to be much smaller than a, the wave function would be appreciably larger at low radii than for r > a. Unless the forces are of the singular type with a very small cut-off radius, the maximum values are likely to be of the same order as the values at r = and the above upper limit would then become cV-{ l+g^ + ± + i ) J}".
For eta -\ this is comparable to the outside part of the integral. Hence (unless extreme assumptions are made about the forces) the inside part is at the most equal to the outer one and likely to be smaller.
T h e q u a d r ip o l e m om ent of t h e d e u t e r o n
Nordsieck ( for the quadripole moment in units of the proton charge.
Using relative co-ordinates, the quadripole moment is defined as the average, for the state M = 1, of i(3 z2-r and by integration over the angles and summation over spin this can be reduced to
Here the question of the contribution from the inner region arises again and we assume, as before, th a t this will be negligible. Because of the factor in (16) this is a less stringent requirement than for the normalization integral.
Inserting from (8) in (16) and using (13) where we have put for brevity
The quadratic (17) has the two solutions
Using the abbreviation
This shows first of all th at no solution is possible unlessf
The right-hand side of (19) decreases with decreasing a, whereas the left-hand side increases. W ith the empirical value of Q( £ = 0 0144) t a = 0-25. Hence it follows th at in actual fact the range of the forces cannot be shorter than 1-1 x 10-13 cm. This limit is rather lower than the value commonly adopted, but it is of interest since it follows from arguments concerning only the two-body problem, without using the ' charge-independence ' hypothesis, and is thus indepen dent of assumptions about the additivity of forces and other complications of the many-body problem.
This conclusion is not seriously affected by our neglecting the contribution from r < a, since this would be small for cm = 0*25. Moreover, the contribution from the The imaginary part of q would thus tend to reduce Q and the inequality (19) would hold a fortiori.
inner part to the denominator of (17) will partly cancel, if not outweigh, th at to the numerator. The most popular value of oca a t present is about 0-5, and with this the two roots (18) become qx = 0-044, = 0-66.
Of these two values, the lower one seems to be more plausible, since q determines the ratio of gt o fat large distances, and, with the larger q, g would be mu than / near r = a. It is difficult to imagine forces of a reasonable type th at would produce this result. Arguments based on the magnetic moment will, in fact, allow us to exclude the value q2 ( cf. § 5). In deriving (17) we had assumed th at the inside contribution was negligible. We can now estimate this contribution roughly by the same method as for the normal ization. Of the two terms in (16) the internal contribution of the second is smaller than th at of the first if qi s a small number; and hence it is an overestim the second term and replace / and g by their maximum values. If we may again assume these to be of the same order as the values at = the upper limit for the inside contribution to the integral (16) becomeŝ inside < i^a 3 f(a)g(a).
Inserting for f(a), g(a) from (8), < U d = < i a3c> -2" ( ( i ) 5 + i l + 5 )-
With eta = q -0-044, and using (13) this would bê inside < 4 X 10~2Q . ( 2 1 )
The limit (21) confirms that the effect of the inside part in the integral for Q is likely to have less effect than the increase of the normalization integral.
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T h e m a g n e t ic m o m en t o f t h e d e u t e r o n
We assume th at the magnetic moment of the deuteron is the resultant of the spin moments of neutron and proton and the orbital moment of the proton. Then if we denote by x the contribution of the D wave function to the normal state of the deuteron, the usual rules of vector combination give for the deuteron Md = (ll p + P n ) ( 1 -i H + f r f i 0
where fiPand /iy are the proton and neutron moments and the nuclear magneton. It is known (Kellogg et al. 1939a,6 ) that, in units of = 0-855, = 2-785, and hence
ll N ~ ~1
-930 -3-428a;
The behaviour of fiN as a function of x from (23) is shown in table 1.
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Since the observed value of fiN is about -1-935 accordi (1940), it follows th at x must be a small quantity below 0-1, and it must certainly he below 0-56, unless ju,N is in fact positive or very large. In terms of our variables (cf. (13)) bq2 x = r
and for the higher value of q (0-66) Which we found compatible with the quadripole moment, we would obtain x = 0-84. The contribution to the normalization integrals from close distances ( r < a) will require a slight correction both to the and to equation (24), but the corrections cannot be enough to reduce # to a value compatible with the above limits. We therefore adopt the lower value of q (0-044) for all further calculations and have then
The photo-effect of the deuteron
The disintegration of the deuteron by y-rays is a transition from the ground state P 0 into a state in the continuous spectrum with energy E. The transition is caused by the electric and magnetic dipole moment in the direction of polarization of the y-ray. Quadripole moments are negligible as compared to the dipole effects for not too high energies. The cross-sections for these processes are given by
is the energy of the y-ray and M0E is the matrix element of the moment in the transi tion from the ground state, with energy -E0, to the state with energy E, taking the wave function of the latter state normalized per unit energy.
( i ) (i) Photo-electric effect
Assuming the y-ray to be polarized in the z-direction the matrix element of the electric moment in relative co-ordinates is
Owing to Laporte's rule transitions from the ground state, which is even, into a state X PE in the continuous spectrum are possible only if the latter is a P-state (l -1) or an F-state ( l = 3) or a mixture of both. For low energy as is the case in experiments, the centrifugal forces are then already so large th a t the short-range interaction forces do not get any appreciable chance to influence the wave functions WE, which we may therefore assume to be wave functions of free particles. Also, the wave functions of the F-state will then be much smaller than th at of the P-state, so th at we can confine ourselves to transitions into the P-state of free particles. Since the electric moment commutes with the total spin, we need consider only the triplet P-state. The wave function of the latter, normalized per unit energy, is As before, we shall neglect the contribution from small radii both in the matrix element and in the normalization of the ground state.
Integrating over the angles and summing over the spins, (28) becomes
where cJlMm is the transformation coefficient introduced in (6). Inserting for the wave functions from (8), (13), (15), (29), we have then N on-central forces in th
-m 2V -r°°
With ka-4. 1, as assumed, and neglecting powers of ka and this becomes
X | 2 c lOJI l m + 3 1 + 5 ^2
Inserting in (26), summing over the components m of the final state and averaging over the orientation M of the initial state, we obtain, using (27),
The term of first order in q vanishes because of the relation (9 b = 12*1, and q = 0*044 (cf. (20)), this gives W. Hepner and R. Peierlŝ
the contribution from the term in q2 being negligible. The corresponding calculation for central forces gives (Bethe i93^> § 15, formula (79)f and Hall 1936) 877-e2 E\E* 2 /oc/\ o-0, = --0 "^( l+ a a ) 2.
(
35) 3 hc(E + E0)3
We see thus that the effect of the non-central forces is practically negligible, producing merely a reduction of about 2 % in the magnitude of the effect owing to the decrease of the 3S-function by this amount.
(ii) Photo-magnetic effect This is a transition from the normal triplet state of the deuteron into a singlet state X PE of the continuous spectrum. The cross-section for the transition is again given by (26), M0E denoting now the matrix element of the magnetic moment in the direction of polarization of the y-ray The orbital magnetic moment of the proton need not be included, since it gives no contribution to the transition from singlet to triplet state. The spin operators in (36) act only on the spin co-ordinates of i.e. on the spin function of the singlet state
The non-central forces vanish in singlet states and therefore a good quantum number for the latter. The S-part of the deuteron ground state will therefore give rise to a transition into an S-state of the continuous spectrum, while the D -part will cause a transition into a D-state. In the latter the centrifugal force is so large th a t it is unaffected by the neutron-proton short-range force as long as the kinetic energy of the proton is not too high. We therefore take for it the wave function of a free f Actually the formula quoted by Bethe for central forces was obtained by carrying all integrals down to r = 0, assuming the outside form of the wave function to hold e This gives no sense in our case because it would make g too strongly singular. If the integrals for central forces are extended only over radii greater than a, the formula quoted by Bethe is increased by a factor (1 + aa)2. Hall includes the correct inside wave f potential function. His result is very nearly equal to (35').
particle with angular momentum 2 and with wave number k corresponding to the energy E (cf. (30))
standing for imaginary part of (...). For the S-state we have to take into account the effect of the central force in the singlet state by writing
where S0 is the phase shift as obtained from slow neutron scattering
ft being the wave number corresponding to the energy E'0 of the singlet state of the deuteron, assuming this to be a virtual state. We shall again neglect the contributions from close distances (r < a) in the normal ization of the ground state as well as in the matrix element (36). Integrating over the angles the latter becomes then Non-central forces in the nuclear two-body problem 53
for transitions into the singlet D-state.
we obtain a non-vanishing matrix element only if
Carrying out the summations over the spins and inserting the wave functions from (38), (39) and (8) we get respectively
Inserting in (26) and averaging over the orientation M of the initial state we obtain for the photo-magnetic cross-section, using (27),
We have here assumed th at the singlet state of the deuteron is a virtual one (Schwinger & Teller 1934; Brickwedde, Dunning, Hoge & Manley 1938) , otherwise the sign of the term in E$ should be reversed. Of the two terms the first represents the transition into the S-state of the con tinuous spectrum, which is the same as for central forces corrected for finite range, except for a slight reduction due to the normalization factor. The second term repre sents the transition into the D-state and is new, but its contribution is too small to be observed. For l = 0 this gives /: u0 = sin kr, v0 = cos kr.
tt, 7 0 . , 3 cos kr 3 sin kr For 
We assume th at the values of the coefficients A , D in these e at a low positive energy E ,as at the small negative energy -E0. The
Neglecting terms of the order (oca)2 we have
From these equations it can be seen that the contribution of to the total scattering cross-section is negligible, since it is of the second order in ka. Similarly, in calcu lating S0, we need not take into account the presence of the incident wave of = with amplitude I2. With these approximations, the scattering cross-section becomes
This is the same formula as had been obtained previously for central forces, except for the expression in the numerator, which is connected with the finite range of the forces. Inasmuch as this expression differs from unity, our approximation is not consistent, since the variation of the coefficients A , B, D with energy gives rise to terms of the same order. We can now, however, deal with this energy dependence. For this purpose we note that the cross-section depends, apart from terms of the second order in only on S0, and that in calculating S0 we may put / 2 = 0 in (49). Thus (49) 
Here /, g are, as before, the two wave functions of the deuteron, and /, g those for positive energy. This equation holds if /, g is any solution of the wave equation at small distances, i.e. any linear combination of the two independent solutions. How ever, we are interested only in the case in which they are those solutions which actually describe the scattering, and this means that, in particular, g must, for r=a, satisfy the second equation (55). Hence g' i (ka)3 + 3 i(ka)2 -6 g a (ka)2 + 3 -3 whereas from (8) / = 2 (1 |(<*a)2(i+ft«)) g a ) 3 -l-3aa + (aa)2) '
Hence, to first order in ka and oca --g -= -U k 2 + oc2)a. 9 9
Inserting this in (57) and neglecting the second order of the difference betw een/, g and f,g, > * " * * «~7 ( « ) 2
This expression is very similar to the one obtained for central forces (Bethe 1936, equation (56) ) and the terms in g, which, in any case, would not affect the order of magnitude of the energy dependence, are in fact negligible. We can now work out a corrected cross-section from (56) which becomes
Non-central forces in the nuclear two-body 'problem, is of the order of magnitude of a, unless the functions / or become singular near the origin. Hence the factor y may be expected to be of order of magnitude unity, but it may be somewhat different from the value found by Bethe for a 4 square-well ' central force.
